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Abstract

I In Banach algebras, the group algebra L(G) is Arens regular if and only if G is finite.

In this paper, the researcher has obtained a hypergroup structure (in the sense of Dunkl)

whose measure algebra has regular multiplication. The most interesting result was that if

L(X) is Arens regular then the convolution is Arens regular as a bilinear map. The

condition obtained gives regularity of multiplication in the Hypergroup, which X is not

finite.
Introduction

The regularity of a bounded bilinear mapping was defined by Arens (see [1]). For
some important Banach algebras, the first and the second Arens product, on their second
dual, are different. Therefore, these algebras are not Arens regular. A number of Banach
algebras, commonly occuring in functional and harmonic analysis, are not Arens
regular. The group algebra LI(G)of a locally compact Hausdorff group is Arens regular
if and only if G is finite (see [4], [13], [14]). In [9], the researcher has shown that the
hypergroup algebra L(X), where X is a locally compact Hausdorff space, can be Arens
regular without X being finite. Also, in [10], for a general measure algebra £, in M(X),
if e € X is not isolated in supp £, and that o, acts as an identity for £, then £, is not Arens
regular. These are not the only ways to construct the regular or irregular multiplications.
In [8], for the circle group T, two multiplications have been constructed on M(T), one of
which is regular and the other is irregular. In the present note, we obtain a hypergroup

structure whose measure algebra has regular multiplication. Some related results can be
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found in [8],[9],[10]. Also, basic facts about measure algebras on hypergroups can be
found in [6], [7], [11].
The researcher will begin with the Arens multiplications and the hypergroup

structures.

1- Other Versions of Arens Multiplications

In [1], Arens showed how the multiplication of a Banach algebra could be extended
to a multiplication on the second dual. His method was essentially algebraic, and this is
indeed the easiest way to prove that the construction works. However, we shall describe

the results. See [12] for details.

Let A be a set with a multiplication (x,y) — x.y.Let B be a set with A € B, under its
topology, A is dense in B. For x, y in B, take (z'a),(sﬁ) in A such that
lim, 7, = x,lim, s, = y. Then, the first extension of multiplication is given by

Ta.yzlirgfn'a.sﬂ, x,y=lil£nli;nz'a.sﬁ,
while the second extension is given by
xosﬂzli(gnra.sﬂ, X0 y=li(£n2'a.sﬂ.

The set A is Arens regular (or, briefly, regular) if x, y=x ©y. By the above definition
for a and b in B, the product a.b (resp. a © b) is continuous in the a (resp. b) variable for
each fixed b (resp. a) in B. Generally, a.b (resp. a ©b) is not continuous in b (resp. a)

when 4 ¢ 4 (resp. » ¢ 4 ). This suggests the firs result about regularity, which is entirely

elementary.

Proposition 1.1. Let A < B and let A be dense in B. Then.
(i) if A is commutative then A is Arens regular if and only if B is commutative.
(i) A is Arens regular if and only if the multiplication in B is continuous in each
variable (without any restriction on the other).
(ii1) Let B be compact. Then, A is Arens regular if and only if the multiplication in B

separately sequentially continuous.

Proof. See [5] and [12].
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Regularity of Banach algebras 1.2. Let A be a normed space over K (K=R or K=C).
The dual space A; i.e. A", is the vector space A (A", K) equipped with the norm

|£]|=sup{|f(x)]: xe A,|X]| <1}
Thus, A" is a Banach space. Let (A" be the dual space of A", (A =A (A", K). Since

A" is itself a Banach space, it is susceptible to the same construct; i.e. one can form
(A" =A""; this is also a Banach space, called the dual or bidual of A, and denoted by
A”". This can g0 on.

For each xe A, the value of an element x € A" is defined by X**(f)=f (x) for all
feA". Sox is linear on A”, and Hx**u =||x|| Thus, the canonical embedding mapping

x — x preserves norms and an isometric from A into its second dual A . Therefore,

we can regard A as a subspace of A"
Let 0(A™,A")be the weak - topology on A". By [3], A is weak -dense in A" So, for
Fe A", GeA”, we can find two bounded nets (u,),(V,)in A with

F=w —lim, 4,,G=w® —lim 5 V- The topological extension of first and second Arens
product are given by
FG:a)*—liZfza)*—lilgnﬂavﬁ, FoG:w*—lilgaw*—liglﬂavﬁ.

Thus, the order in which the limits are taken distinguishes between the extensions.
Moreover, the first Arens product is characterized by the two properties:

(i) for each Ge A™, the map F—>FG is weak -continuous on A”".

(ii) For each ue A, the map G — uG is weak - continuous on A" .

The second Arens product is defined similarly. Therefore, the second dual A™ of A
can be given the Banach algebra structure by means of the firs (or second) Arens
product.

Now, we want to describe Arens products as an algebraic extension. Indeed, for F,
Ge A" ,fe A", and u,ve A,one can find FG, FoG successively as follows:
<FG, f>=<F,Gf ><Gf , u>=<G,fu>< fu,v>=<f,uv>,
<FoG,f>=<G,foF>< foF,u><F,flof >< o f,v>=<f,vu>.
So, a Banach algebra is said to have regular multiplication if FG=Fo- G.
A" is not compact in the weak -topology. But the closed until ball of A™ is weak-

compact [3]. So, by definition or [5], we have:

Proposition 1.3. Let A be commutative. A is Arens regular if and only if the first or

. *®k o, *® . . .
second Arens product in A is weak -continuous in each variable.

9
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Proof. For F, Ge A", There are two nets (4,)and (V) in A which Weak*-converge toF

and G. So, A is Arens regular if and only if FG=Fo G. It is equivalent to this fact; for all

%

fe A,
limli V,)=limli Va).
im lgnf(ﬂa 5) im im f(U,V )

2- Hypergroup Structures
Let X be a locally compact Hausdorff space and M (X) denotes the set of all
bounded, regular, complex Borel measures on X. For each gand vin M (X),

M *v denotes the convolution of gandv. Letd, be the unit mass at r. The product

formulas of the type.
wviH)=[ [ (66 )(Hdudv(y)

On M (X) becomes a Banach algebra. Dunkl (1972) and Jewett. (1975) have shown
how one defines a product on M (X), which makes it a Banach algebra. In some cases,
an investigation begins with a convolution algebra of measures as the primitive object,
upon which to build a theory; this is the case of the analysis of the objects called
hypergroups which are generalizations of the convolution algebra of Borel measures on
a group. One of the objects of this paper will be the introduction of a large class of new
convolution structures, many of which are new hypergroups.

Let Cy (X), Cp (X) and C. (X) denote the spaces of continuous functions on X which
are bounded, those which vanish at infinity and those having compact support
respectively. By M (X) and Mp(X), we abbreviate the space of Radon measures and

probability measures on X.
Definition 2.1. A hypergroup (X,*)is a Banach algebra of the Borel measures M (X)

on a locally compact Hausdorff space X with product * called convolution it satisfies

the following axioms:
(i)There is a mapAd: XXX — M ,(X)with for every x,ye X, the measures
A A

(x.yy Nave compact supports and 4 (o) >

e =

10
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(if) for each fe C(X) , the map (x, y) = 4., ([)isin C,(XxX)and r -4, ([)is

oy
in C.(X),forevery ye x;
(ii1) the convolution (&,v) — u*v(or uv) of measures defined by
()= [ Ay (Ddudv(y), (e M(X),[e Cy(X)
is associative (and clearly 4, =38, *J,)

(x,y)

(iv) there is a unique e€ X such that 4, ,

=9 for all xe X.

In [7], Ghahramani and Medghalchi have constructed and studied the subalgebra of
M (X) which is determined in the following way:

LX)={ueM(X):x— |,u| 0 x— 0, *|,u| are norm-continuous}.

This algebra generalizes the algebra L (G) of M (G) for the locally compact
topological groups G.They have shown that L (X) is a Banach subalgebra of M (X) and
it has a bounded approximate identity of norm 1. Therefore, L (X) can be regarded as a
subspace of L (X)** and then L (X) is weak -detise in L (X)** in [11], Medghacli studied
the second dual of L (X).

Let A, B, C, be disjoint. And e, z be single points not in AUBUC.Write
X={e}UAUBUCU{Z}.Let X be a compact Hansdorff space with e and z as isolated
pointes. Each g€ M (X) can be written in the unique form

MO, + iy + 1, + 1O,
where, i, , 1, 1 are the restriction of gto A, B, C, respectively, and x4, and u_ are
scalars.

The following Theorem givens the structure of a hypergroup on the locally com. Pact
space X.
Theorem 2.2. Let A: AXxB —(M,(C), weak ) be continuous and the map x— A, ()
isin C¢(C) foreveryx,y € AUB, f € C(C) and A(a,b)=A(b,a) (ae A,be B). Thereis a
hypergroup structure on X such that M (X-{e}) =L (X) if and only if M(AU B) < L(X).
Proof. We define a multiplication on M (X) by the following way:
take a map A XxX — M ,(X) with two properties.

@) Ao = Aew =6, (x€ X);
11
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- A., (xeAyeB)
(i) Acy ={ o :
o, otherwise
it is clear that ;l(x,y) =1for all x, ye X.

Then, we define a multiplication uv, for u,ve M(X),by
av=[ [ A dux)dv(y)

It is easy to show that the multiplications is commutative and is the identity. Now,
we prove that it is associative.
If one of the x, y, z, (inX) is equal to e, then
(0,%6,)%0,=0,%(d, %0,)

Now, suppose that u,v,& are in M (X-{e}). Therefore,
M=y + Uy + e+ 1,05,
V=v,+Vv,+v.+v. 0.,

G=Citep+sc+c.0.
Suppose Y=AUCU{z}. We have
vy =[ [ A y)du, 0dvy (y)
=[ [, 8.du,odvy (y)

=u,(Hv,(1)0,.
Similarly g, v, = &, v, ()0, and if T = BUCU{z}then

Mrvy =y Dy (DS, vy = iy (v (DS,
Let*’*’’be the convolution arising from the multiplication in A and B(or in B and A) i.e.,
p vy = vy = [ A ), (9)dv, (0),
v (=] ][ F©OdA, @Odvy(0du, ().

Hence, supp (1, *v,) < C.Therefore, we have
My =, +py+ e+ 1,0)v, +v, +v.+V.0,)
= HaVy My BV vy ¥V, + 1Oy
=1, (v, (DO, + (v, (DO, + .0 v, + 1, * v+t *v,
=My — g1, vy (D=, v, (D16, + 4, vy + p1y v,

On the other hand,

12
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Hy * Vp (1) = J-AJ-B J-C dﬂ(x!y) (t)de (X)dﬂA (y)
- L L dvy (x)d g, () =, (Hvy (D).

Hence,

(V) ¥ =LV D) = 1, (D, (D) = 1, OV, (DIS, W+ (L, 5V, + 1 V) Y
= (DY (1S,

Similarly #(vy)=puDv(l) y (1)J, So that, the multiplication is associative
Now, let feC.(X), then we have
[ r©dicom=rw,
L( F(t)d i(x,y) (1) = {d Ay (f) (x€ A,'ye B)
f(2) otherwise.
Then the map (X, y) = Ao (f) is in Cp (XxX) and the map x — Ay, () is in Ce (X) for
all ye X.Therefore, X is a hypergroup.
We now prove that L (X)=M (X-{e}). Since X is not discrete, J, L (X) (Theorem

2,[9]). Let ue M (X-{e}). Then

X

- {|,U| (x=0)

s, (x=2).

Now, if xe X —{e, z} then,
FIM@—W$D¢+@*
(D) =[S, + 6, *

Hy| (x=A)
u,| (x=B).

X

Hence, for x=y=z or x=y=e,

. |uf=6 |ul|=0
Otherwise,
Slusl =6 usl|  (xyen)
5.\~ 8 |4 =
=l Slul-o)d|  yen

Therefore, e L (X) if and only if u, € L(X),u, € L(X).This statement is equivalent
to, € L (X) if and only if M (AUB) <L (X). So, the conclusion holds.

Let M (X) be the space of bounded regular Borel measures. We shall say that M (X)

has a general measure multiplication, if there exists a bilinear associative map

13
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@ M(X)XM(X)— M(x) such that
OM ,(X)XM ;) S M, (X).
Also, we shall say that ¢is Arens regular, if for every two nets (,),(v;) in M(X),

1«_1 *_1 ) — *_1 1«_1 , i
w —limw lgl¢(,ua Vg)=W mw lgl(?(ﬂa V)

when, both exist (see introduction [10]).
Theorem2.3.Let M(A UB) cL(X). Then, L(X) is Arens regular if and only if there is a
bilinear map ¢ : M(A)xM(B) — M(C) which is Arens regular.

Proof. By theorem1, L(X)=M(X-{e}) and (by the lemma, 4, [9]),
LX)=MA)@MB)eM(C)®I o,

LX) =M(A)"®@M(B) @M (C)" ®U§..

So, each e L(X), Fe L(X)", can be written uniquely in the form
M=l + e+ U5,
F=F,+F,+F.+u.0,

where, 4, is the restriction of & to A and Fa is the restriction of F to M(A)*and SO on.
Let u,ve M(X). We define & : M(X)xM(X) - M(X) by
O(uv)= =] [ A y)duodv* y).
If uveM,(X) theng (u,v)e M, (X). Thus, the multiplication ® maps probability

measures to probability measures.
First, suppose that L(X) is Arens regular. So, for every nets (1, ) € M(A), (VB) € M (B),if
w —limw’ —lim®(ux_,v,),w —limw —lim®(u_,v
po 8 (Itla’ ﬁ) B Py (ﬂa ﬁ)

exist, and then they are equal (by Theorem 1, [5]).
Conversely, let ®be Arens regular and F,Ge L(X)". There are two nets
(4, )and (v4) in L(X) whit

w —lign,ua =F, w —lign,uﬁ =G,

supp 4, < X —{e}, supp L, < X —{e}

The multiplication ® is Arens regular. Therefore,
w —lignw* —li£n¢((,uA)a(vB)ﬁ) =w —li;nw* —lime((1,)4 (vy) ),

W* _hm W* _li'[l;,n¢((v3)a(/uA)a) = W* _h[IinW* _lim¢((v3)a(luA)a)-

14


https://jsci.khu.ac.ir/article-1-1106-en.html

[ Downloaded from jsci.khu.ac.ir on 2026-06-15 ]

Hypergroup Structures with Regular Multiplications J. Laali

Combining the above equalities, we have
FG=w —hénw —llénﬂavﬁ

=w' ~lim w —ligl[(ﬂa(l)vﬁ(l) (W) DW) 5D = (), (D), (DS, +
(1)), (V) )+ O(1), (V) =W —li/rin w —limu,y, =GF.
Thus, FG=GF. By (Propositonl, [5]), L(X) is Arens regular.
Now, let A and C be disjoint, X={e}UAUCU{z}and e,z¢ AU C.Whit the topology
of X, A and C are compact subspaces of X and e, z are isolated points.
Theorem2.4. If A:AXA—>M,(X)is weak -continuous and symmetric, then there

exists a hypergroup structure on X so that
(1) M(A) cL(X) if and only if M(X-{e})=L(X);
(i1) Let M(A) < L(X). Then there exists a bilinear associative map
o : M(A) < M(A)—>M(C) which maps probability measures to probability
measures and L(X) is Arens regular if and only if ®is Arens regular.
Proof. Define A: X xX — M »(X) with the following equations:
@) Ao = e = 6.3
A (x,ye A)
0, (otherwise).

(i) jb<x,y) =

Then, we define a convolution uv for u,ve M (X )by
v = [ Ao dudv(y).
It is clear that, if #,ve M(X-{e}) and then
v = (D) = 2, v, (DS, + 41, v,

The rest of the proof is the same as the proof of last theorem.

Let G be an arbitrary locally compact Housdorff group and g be a right invariant

Haar measure on G. The space L'(G) of integrable functions on G, with the convolution
taken as product, is a Banach Algebra. P. Civin and B. Yood [4] have shown that; if G
is commutative and infinite set then the Banach Algebra L'(G) is not Arens regular.

N.Young [14] has extended this result to non-commutative case. A.Ulger [13] has

15
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presented a very simple proof of the Theorem, which says that the group algebra L'(G)
is Arens regular if and only if G is finite. In this paper we present a Theorem, which
shows that the Young’s result does not hold in a hypergroup. This theorem is an

application of Theorem?2.2.

Theorem2.4.There is a hypergroup algebra M (X) which has regular multiplication and

L(X) is Arens regular but X is not finite.

Construction. Let A=[a;,b;], B=[a,,b;], C={a,b} be subsets of an ordered set in the
ordered topology and A,B,C are disjoint. Let X={e}UAUBUCU{z},with the

topology in which e, a, b, z are isolated points and supposed ¢:X —[0,1] is a
continuous function with supp ¢=X. Define 4: AXB — M ,(C)by
vy = 0OP()S, + (1= H()P(1))5,.
So, A, =4y If f€Co(X)=C.(X)) then,
Ay ()= L f®dA.,, @) =¢)P(y) f(a)+A-g(x)Pp(y) f (b)

Hence, if {(X,, yn)} 1S sequence converge to (X, y) then

imA, . (f)=4., ().
Therefore,/l:AxB—>(MP(C),Weak*)is continuous. By Theorem 2.2 X is a

hypergroup.
To prove M(AUB)cL(X), let g€ M(AUB). Then, =y, + 1,.Suppose that xe B,

then,
5){

wl=].1, 4 asmadlu,|w
=[, 2, dlulaw.
So, for x, ye B,
16 et = 8 et [H, A = Aol
=l =9 [, ol |wns, = [ ol jns,

< 2(x) = P(¥)|1,](9),
¢ is continuous, so K, € L(X). Similarly, #, € L(X). Then L(X)=M(X-{e}).

16
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We now prove that ¢: M(A)xM(B)—M(C) is Arens regular. First suppose that
1, eM(A), v, e M(B). So,
Do) = 1,50y = [ [ A dit (D)dvy ()
= [ 160908, + (1= p(0p()3, dpt, ()dv, ()
= 1y (D), (DS, +(p, Dy, (D) = 1, (H)v, (S,

Now, suppose {(x,),},{(V;), }are two sequences such that

w-limw’ —lim@((u2,),. (vg),,) w —limw’ lim@((i,), (vg),,) exist, then

w=limw —lim (1), (v5),,) =w = limw’ —lim{(x,),(H)(v,),,(#)3,

+ (1), (@), D) = (1), (@) (V) (S, ]

=w —limw’ —lim@((#,), (vg),,)-

Hence, ¢is Arens regular. By Theorem 2.3, L(X) is Arens regular, but X is not finite.
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